A new procedure for bound-state QED, based upon a covariant form of the time-evolution operator is reported. This procedure is applicable also to systems with closely spaced or quasidegenerate levels, where the standard S-matrix formalism can generally not be used due to quasi-singularities. We have applied the procedure to the heliumlike ions of neon and argon, and produced the first numerical QED results for a complete fine-structure splitting. Good agreement is obtained with recent experimental data. The new procedure is closely related to standard many-body perturbation theory (MBPT), which may open up possibilities to combine QED and MBPT in a more systematic way.
Another approach to deal with the structure of heliumlike ions is to use many-body procedures of various kind, where the electron correlation can be treated essentially to all orders, and corrected for QED effects by using the analytical expansion to leading order. The shortcoming of such an approach is that it is difficult to go beyond the leading order for the QED effects. It would therefore be desirable to be able to combine the MBPT and QED approaches in some systematic way, which seems to be necessary to achieve sufficient accuracy for medium-heavy elements. The present work represents one step in that direction.
The atomic fine-structure is entirely due to relativity and QED, with leading orders of (Zα) 2 and (Zα) 3 , respectively, relative to the non-relativistic energies. For that reason the finestructure is a good candidate for testing the theory, when very accurate experimental results are becoming available, particularly for heliumlike ions. For high Z a comparison between theory and experiment will test QED at strong electric fields and for low Z this can be used to determine the fine-structure constant, α, provided the theory of QED is trusted.
2 Time-independent perturbation theory. Quasi-Degeneracy
In perturbation theory the Hamiltonian is normally partitioned into a zeroth-order Hamiltonian and a perturbation
Working with a single reference or zeroth-order function, Φ, the standard (Rayleigh-Schrödinger) perturbation theory gives the first-order contribution to the wave function
The reference function, Φ, also referred to as the model function, is in this case an eigenfunction of H 0 and forms together with the remaining eigenfunctions form the basis functions,
This can easily be generalized to the case with several degenerate reference or model functions, where the summation in (2) runs over states not degenerate with the model functions.
In the case of quasi-degeneracy, (very closely lying states) some of the energy denominators in (2) can be very small, which may cause serious convergence problems. In relativistic manybody perturbation theory (MBPT), applied to the fine structure in the 1s2p multiplet of He-like systems, the states 1s2p 1/2 and 1s2p 3/2 are very close in energy and hence strongly mixed for light elements. This has led to serious problems using a single reference function 26 , problems which can be remedied by using an extended model space 27, 28, 29 .
We consider now a number of eigenfunctions of the Hamiltonian
referred to as the target functions. The relation between the target functions and the corresponding model functions is given by a wave operator,
In the intermediate normalization we apply here, the model functions are projections of the corresponding target functions on the model space,
The wave operator satisfies the Bloch equation 27, 30, 28 [Ω,
Expanding the wave operator order by order, leads instead of (2) to the first-order contribution
m/i represents a basis function inside/outside the model space. We see here that there is no (quasi)degeneracy in this expansion. The Bloch equation can also be used to derive the linked-diagram expansion for an extended model space, which can be expressed 27, 28 [Ω,
In the general case the model functions are not eigenfunctions of H 0 . Instead they are solutions of the secular equation
H eff is matrix operator, acting in the model space and referred to as the effective Hamiltonian. 
In the MBPT procedure with an extended model space, the states of the model space are excluded from the summations of the type (7), thus eliminating not only degenerate but also quasi-degenerate states.
The procedure is now to evaluate the matrix elements of the effective Hamiltonian (10), which is diagonalized to yield the exact energies and the model functions. The (quasi)degenerate states are in this procedure mixed to all orders of perturbation theory. If there are states that are completely degenerate in zeroth order with the state considered and of the same symmetry (so that they can mix), then a procedure with an extended model space is more or less mandatory. In the case of quasi-degeneracy the procedure can improve the convergence drastically 29 .
In the case of the 1s2p multiplet of heliumlike ions the two states s 1/2 p 1/2 J=1 and s 1/2 p 3/2 J=1 have the same symmetry, and for light elements they are closely spaced and hence strongly mixed.
By including these states in the model space their mixture will be appropriately taken care of, which might be quite difficult, using the standard procedure with single reference function.
The main question is now: Can a similar procedure be applied in bound-state QED? A major obstacle is here that the standard procedure for bound-state QED, the Smatrix formulation, requires energy conservation between the initial and final states and hence cannot be used to evaluate the elements of the effective Hamiltonian (9) non-diagonal in energy, needed to treat quasi-degeneracy using an extended model space. Therefore, the procedure has to be modified, as we shall demonstrate below.
Time-dependent perturbation theory
In order to find a procedure applicable also to a quasi-degenerate situation, we shall consider time-dependent perturbation theory, although the problems we shall study usually are time independent. The basic concept is here the time-evolution operator, U , which regulates the development of the wave function in time
We work in the interaction picture, where the operators and wave functions are related to those in the conventional Schrödinger picture by a
The time-dependent Schrödinger equation takes in this picture the form
which leads to the expansion 31 (11) where T is the time-ordering operator. Due to the adiabatic damping, the perturbation vanishes in the limits t → ±∞ and the exact wave function becomes equal to the unperturbed function in these limits, Φ = Ψ(±∞). The wave function in time-independent theory corresponds to the time-dependent function at t = 0, Ψ = Ψ(0).
Gell-Mann and Low 12 have shown that for a single reference function (closed-shell case), Φ, the function
is an eigenfunction of the Hamiltonian (provided the limit exists). The evolution operator has singularities due to unlinked diagrams, which are eliminated by the denominator.
When several reference functions are used (multi-dimensional model space), the GML procedure has to be modified 32, 33 ,
φ α are here certain 'parent' functions in the model space. In this case the evolution operator has singularities or quasi-singularities also for linked diagrams, when a model-space state appears as an intermediate state. This is analogous to the situation in time-independent MBPT, discussed above.
We rewrite now the evolution operator, operating on the model space, as
leaving out the subscript γ. This leads to the expansion
U is referred to as the reduced evolution operator and can be shown to be regular, i.e., free from (quasi)singularities -the (quasi)singularities are eliminated by the counterterms (− U P U etc.) in (14) .
For t = 0 the definition (13) becomes
which leads to
Inserted in the generalized Gell-Mann-Low relation (12) this becomes
where
This we can compare with the MBPT equation above (4) , showing that the wave operator
The effective interaction is defined
and this can be expressed by means of the reduced evolution operator as 34,25
4 Bound-state QED
S-matrix
The S-matrix is defined
where U is the time-evolution operator above. The S-matrix for single-photon exchange between electrons, represented by the Feynman diagram in Fig. 1 , is given by Figure 1 : The S-matrix for single-photon exchangê ψ(x)/ψ † (x) are the electron-field operators in the interaction picture, γ is an adiabatic-damping factor, which eventually goes to zero, γ → +0, and
represents the electron-electron interaction, D F µν (x 2 , x 1 ) being the photon propagator. This yields the matrix element b
where I(z) is the Fourier transform of (19) and q = ε a − ε r ; q = ε b − ε s . After integrations over time and z this becomes rs S (2) ab = −2π∆ γ (q + q ) rs I(q) ab ,
The relation between the S-matrix and the energy shift is given by the Sucher formula 13,31
which in the lowest order (n = 2) becomes
In the present case this gives
The Kronecker delta factor implies here that the result is nonvanishing only for q + q = 0 or ε a + ε b = ε r + ε s , which means that energy must be conserved between the initial and final states. This makes the method inapplicable for treating quasi-degeneracy using the method of an extended model space. 
Covariant form of the evolution operator
In order to be able to treat the quasi-degeneracy problem, we shall return to the evolution operator, discussed in Sec. 3. However, in dealing with QED problems it is necessary to allow time to run also in the backward direction. Therefore, we have to generalize the standard evolution operator as illustrated for single-photon exchange in Fig. 2 . This corresponds to the expression 24,25
where Θ is the Heaviside step function. The time integrations are here performed over all times, making this operator covariant -in contrast to the evolution operator for forward evolution only (11) . The operator (25) can also be expressed by means of the electron propagator as
which yields the matrix element
b We use here the Furry picture, where the single-electron orbitals are solutions of the Dirac equation in the field of the nucleus (and possibly other electrons), V (r),
We use the Dirac notations |ab for straight products (not antisymmetrized) of single-particle functions, and the matrix-element notation | | includes integration over the space coordinates. 
where γ x has the same sign as ε x . Using the Feynman gauge we obtain
where q = ε a − ε r ; q = ε b − ε s and
The contributions to the first-order wave operator (15) and effective interaction (16) then become
In the first case the state |rs lies in the complementary space (outside the model space) and in the second case inside the model space. The effective interaction agrees with the S-matrix result, when initial and final energies are the same. But the important point is here that the evolution-operator result is valid also when these energies are different, making the procedure applicable also to an extended model space with several unperturbed energies. Another important advantage of the evolution-operator method is that -in contrast to the S-matrix formulation (22) -no limiting procedure of the adiabatic damping factor γ is needed. (This factor is here used only to indicate the position of possible poles.) This implies that the integrations can be performed independently with exact energy conservation at each vertex. This simplifies considerably the treatment of (quasi)singularities, as we shall demonstrate with the two-photon exchange below.
Two-photon exchange
There are two Feynman diagrams, representing the two-photon exchange between the electrons, the 'ladder diagram' and the 'crossed-photon diagram', illustrated in Fig. 3 . The covariant evolution operator for the ladder diagram is given by rs U (4) 
The reduced evolution operator for the two-photon exchange. The second diagram represents the counterterm U (2) P U (2) in (35) evaluated in a straightforward manner. The non-separable diagrams represent pure QED effects -with no analogy in MBPT.
The above illustrates the close analogy between standard MBPT and bound-state QED using the covariant-evolution-operator method -a fact which may open up possibilities of combining QED and MBPT in a more systematic fasion than has previously been possible.
Results and discussion
We have applied the covariant-evolution-operator method to evaluate the fine-structure separation of the 1s2p multiplet of the He-like ions of Ne and Ar, and the results are reproduced in Table 2 . Our calculations include the exchange of one and two photons between the electrons, as described above, which contains relativistic many-body effects to second order in addition to the QED effects. Furthermore, we have included relativistic electron correlation effects beyond second order from a separate many-body calculation. The remaining QED efects, not included in the diagrams evaluated, namely the self-energy and vacuum-polarization contributions, are estimated by means of the analytical Zα expansion. Our numerical results are compared with those of Drake 35 and Plante et al. 26 , as well as with available experimental results 11, 9 .
Our calculation represents the first application of bound-state QED to a quasi-degenerate fine-structure separation, using a numerical technique to all orders of Zα. The results of our calculations agree very well with available experimental data.
Our results agree also well with those of Drake and Plante et al. The calculations of Drake are performed using highly correlated non-relativistic wave functions of Hylleraas type with relativistic and QED effects estimated from the analytical expansion. In the work of Plante et al. a relativistic MBPT procedure is used, with the QED correction separately added.
For the elements presented here the difference between the theoretical results is hardly significant compared to the experimental and theoretical uncertainties. (For the argon ion the result of Drake differs from the experimental result by 2-3 standard deviations, which is likely due to inaccuracy in the relativistic correction.) When higher accuracy is needed, however, higher-order QED effects will be important. Already for argon we have found that the effects beyond the leading (Zα) 3 order are at least comparable to that of the leading term.
As can be seen from Table 1 , quite accurate experimental data are available for neutral helium as well as for the ions of lithium and fluorine. For very low Z the numerical problems increase, due to slow convergence of the partial-wave expansion. In addition, the electron correlation plays here a relatively more important role, and two-photon exchange may not be sufficient. For these reasons, it will be difficult at present to compete with the analytical results for He and Li + . In order to achieve higher accuracy with the numerical technique, it would be necessary to combine the QED and MBPT procedures in some way, and developments along these lines are in progress. A good test of the present procedure described here, however, would be to try to reproduce the experimental result of the fluorine ion, which has an accuracy of the order of one ppm. Here high-order QED effects will certainly be significant. Such an accurate numerical result could then be used to test the analytical expansion and possible to estimate higher-order non-calculated terms. In this way the numerical results could contribute to the accuracy of the theoretical result also for very low Z and possibly to the evaluation of the fine-structure constant.
